Abstract
e Figure 1 : A P 5 -free graph is 3-colorable if it does not contain any of the above graphs as a subgraph.
(k−1)-colorable. Observe that each of the six P 5 -free graphs in Figure 1 are 4-vertex-critical. 24 However, so are the additional 6 P 5 -free graphs listed in [8] . Thus, for our question, the definition 25 of "k-vertex-critical" is not strict enough. Traditionally, a graph G is said to be "k-critical" if 26 every proper subgraph of G is (k−1)-colorable. This definition, however, is still insufficient for 27 our purpose since the removal of the edge e from the 5-th graph listed in Figure 1 results in a graph 28 that is not 3-colorable. The resulting graph, however, is no longer P 5 -free. Therefore, we introduce 29 a new definition with respect to a specific class of graphs.
30
Definition 1.1 With respect to a class C of graphs, a graph G ∈ C is k-critical if every proper 31 subgraph of G belonging to C is k−1 colorable.
32
For the remainder of the paper, "k-critical" means "k-critical with respect to the considered class 2. We construct an infinite set of k-vertex-critical P 5 -free graphs, for each k ≥ 5. 41 3. We construct an infinite set of 5-critical P 5 -free graphs.
In Section 2 we prove the first 3 results. In Section 3 we present an algorithm that is used 48 to prove our final result. We conclude the paper in Section 4 with a number of interesting open 49 problems.
50
2 P 5 -free graphs 51 We will prove that the following construction produces an infinite set of 5-vertex-critical P 5 -free 52 graphs. N (v) denotes the neighbourhood of vertex v. where the neighbourhood of each vertex is given by:
with indices taken modulo 4p + 1.
56
Figure 2(a) illustrates the regular neighbourhood structure for G 6 . The vertices for a given G p can 57 be partitioned into 4 sets V 0 , V 1 , V 2 , V 3 where each V i = {v t | t ≡ i mod 4}. Observe that v s is not 58 adjacent to v t for any v s , v t ∈ V i except for the case when {v s , v t } = {v 0 , v 4p }. This implies the 59 following remark.
60
Remark 2.1 Given G p for p ≥ 2, V 1 , V 2 , and V 3 are stable sets and the only edge in V 0 is between 61 v 0 and v 4p .
62
Lemma 2.2 G p is 2K 2 -free, for p ≥ 2.
63
Proof. Consider the vertices {v 0 , v 1 , . . . , v 4k } for a given G k , where k ≥ 2, and recall its partition
Since G k is regular, WLOG consider an edge (v 0 , v j ) and suppose that it belongs 65 to a 2K 2 with edge (x, y). Observe that N (v 0 ) = {v 1 , v 4k } ∪ V 2 ∪ V 3 . By symmetry, we need only 66 consider two cases for v j : either v j = v 1 or v j ∈ V 2 (V 3 becomes V 2 in the reflection centered at 67 v 0 ). In both cases V 0 ⊆ N (v j ), as illustrated in Figure 2 (b) for G 6 . Thus, since x and y are both 68 not adjacent to either v 0 or v j , they must belong to V 1 . From Remark 2.1, V 1 is a stable set, which 69 contradicts the edge (x, y). Thus, v 0 does not belong to a 2K 2 . 2
70
Since every P 5 contains a 2K 2 , we obtain the following corollary.
71
Corollary 2.3 G p is P 5 -free, for p ≥ 2.
72
The following theorem proves that there an infinite number of 5-vertex-critical P 5 -free graphs.
73
Theorem 2.4 G p is 5-vertex-critical, for all p ≥ 2. Given a graph G, let G ∨ u denote the graph obtained from G by adding a new vertex u and adding all edges between u and the vertices of G. We say that G ∨ u is obtained from G by adding a universal vertex. Let H p,k be defined recursively as follows for p ≥ 2 and k ≥ 5:
It is easy to verify that if
following corollary follows from the previous Theorem.
85
Corollary 2.5 H p,k is k-vertex-critical, for all p ≥ 2 and k ≥ 5.
86
Since G p is 2K 2 -free, observe that each graph H p,k is also 2K 2 -free (and hence P 5 -free) because 87 adding a universal vertex will never introduce a new 2K 2 . Thus, for a fixed k ≥ 5, the set of 88 all H p,k , where p ≥ 2, is an infinite set of k-vertex-critical P 5 -free graphs. Recall, however, our 89 original question was to determine whether or not there was a finite number of k-critical P 5 -graphs,
90
for fixed k ≥ 5. We introduce one more lemma before resolving this question.
91
Lemma 2.6 Let C be a class of graphs. If G ∈ C is k-vertex-critical, then there exists a subgraph 92 of G on the same set of vertices that is k-critical (w.r.t. C).
93
Proof. Suppose the Lemma is false. Choose a graph G with the fewest number of edges that is a 94 counter example. Since G is not k-critical, by definition there is a non-empty subset of edges E 95 such that G − E is not (k − 1)-colorable and belongs to C. But clearly G − E is also k-vertex-96 critical, and thus also a counter example to the Lemma. But this contradicts our original choice of
Together, Lemma 2.6 and Corollary 2.5 establish the existence of an infinite set of k-critical
99
P 5 -free graphs for fixed k ≥ 5. However, we do not have a precise construction of such a set.
100
Through an exhaustive computer search, focusing on k = 5, we found:
101 5 unique 5-critical P 5 -free graphs that are proper subgraphs of G 3 ,
102
3 unique 5-critical P 5 -free graphs that are proper subgraphs of G 4 ,
103
1 unique 5-critical P 5 -free graphs that is a proper subgraph of G 5 , and 104 for 6 ≤ p ≤ 25, G p is a 5-critical P 5 -free graph.
105 Figure 3 illustrates three 5-critical P 5 -free graphs that are subgraphs of G 3 , G 4 , and G 5 respectively.
106
A formal description of these nine subgraphs are given in the Appendix.
107
Figure 3: Three 5-critical P 5 -free graphs on 13, 17, and 21 vertices. They are subgraphs of G 3 , G 4 , and G 5 respectively.
We now formally prove that G p is a 5-critical P 5 -free graph for all p ≥ 6. if G has an induced P 5 with all 4 edges in E F then return False 4:
Choose e ∈ E(G) \ E F 5:
Theorem 2.7 G p is a 5-critical P 5 -free graph, for all p ≥ 6.
118
Proof. Suppose G p is not a 5-critical P 5 -free graph. 
139
Since the above four cases cover all eventualities, the Theorem is proved. is far too tedious for these more complex graphs.
147
To begin, we consider a generic algorithm to exhaustively generate all k-critical graphs with 148 respect to a class C that can be described by some forbidden subgraph characterization. Such appropriately.
158
The algorithm terminates only if an input X n is empty. In this case, the algorithm proves that
are precisely the k-critical graphs with respect to the class C.
160
For our purposes, we want to use the algorithm for k = 5 where C is the set of {P 5 , C 5 }-free 161 graphs. The check if G ∈ C can be done simply by testing if any set of 5 vertices is a P 5 or C 5 .
162
The chromatic number of G can be determined by a simple recursive backtracking approach. As 163 an optimization, if the chromatic number of G is k, any subsequent edge set (considered on line 6)
164
that contains E can be skipped since the resulting graph will not be k-critical (w.r.t. C ). To test
165
if a graph G is k-critical, we first test if it is k-vertex-critical by considering the chromatic number Algorithm 2 Extend all graphs in X n ∈ C 1: procedure EXTEND ALL(X n ) 2:
for each G ∈ X n do 5:
for each non-empty
if G ∈ C then 9:
REMOVE ISOMORPHISMS(X n+1 )
14:
REMOVE ISOMORPHISMS(Y n+1 )
15:
If it is, then we consider all subsets of edges E such that
168
To optimize our search we apply the Strong Perfect Graph Theorem [3] . Since K 5 is a 5-
169
critical {P 5 , C 5 }-free graph, this theorem implies that any other such graph must contain a C k or 170 its complement C k as an induced subgraph for some odd k ≥ 5. However:
171
• C 5 = C 5 is forbidden,
172
• each C k contains a forbidden P 5 , for odd k ≥ 5,
173
• each C k contains a K 5 , for odd k ≥ 11,
174
• C 9 contains a proper subgraph that is 5-vertex-critical (the graph on nine vertices in Figure   175 4).
176
Thus, every other 5-critical {P 5 , C 5 }-free graph must contain a C 7 . Hence, as a starting point for 177 our search, we set X 7 to contain the single graph C 7 as the first input of the program. colorable. Adding such vertices can continue forever, and so X n will never be empty. Thus, we 183 consider some additional properties of k-vertex-critical graphs.
184
Lemma 3.1 Let G be a graph with chromatic number k. If G contains two disjoint m-cliques We note that the case m = 1 is a well known folklore in graph coloring. We apply Lemma 3. 
222
(5,6),(5,7),(5,12),(6,7),(6,8),(6,9),(6,12),(6,13),(7,8),(7,9),(7,13),(8,9),(8,10),(8,11),(9,10),(9,11),(10,11),(10,12),
223
(10,13),(11,12),(11,13),(12,13) 
232
(6,12),(6,13),(7,8),(7,9),(8,9),(8,10),(8,11),(9,10),(9,11),(10,11),(10,12),(10,13),(11,12),(11,13),(12,13) 
234
(3,13), (3, 14) , (3, 17) ,(4,5),(4,6),(4,7),(4,11),(4,15),(5,6),(5,7),(5,11),(5,15),(6,7),(6,8),(6,9),(6,12),(6,16),(7,8),(7,9), 235 (7,10),(7,13),(7,14),(7,17),(8,9),(8,10),(8,11),(8,15),(9,10),(9,11),(9,15),(10,11),(10,12),(10,16),(11,12),(11,13), 
245
(6,8),(6,9),(6,13),(6,17),(7,8),(7,9),(7,13),(7,17),(8,9),(8,10),(8,11),(8,14),(8,15),(8,18),(8,19),(9,10),(9,11),(9,12),
246
(9,16),(9,19),(10,11),(10,12),(10,13),(10,17),(11,12),(11,13), (11, 17) Edge listings for the eight 5-critical {P 5 , C 5 }-free graphs. (1, 5) , (1, 6) , (1, 8) , (1, 9) ,(2,4),(2,5),(2,6),(2,7),(2,8),(2,9), (3, 5) , (3, 6) , (3, 7) , (3, 8) , (3, 9) ,(4,6),(4,7),(4,8),(5,7),(5,9),(6,8), (7, 9) 
